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ABSTRACT: A theory of microdomain structure in block copolymers, developed earlier, is simplified by approxima-
tions appropriate to the case where the interphase width is narrow compared to the domain size. In this case one iden-
tifies contributions to the free energy from: interfacial tension; localization of block joints in the interface; and entro-
py loss arising from preferential selection of conformations which keep the density uniform. The free energy for la-
mellar microphases is written as an algebraic function of domain size and minimized to obtain predictions of domain
periodicity distance. These are compared with experiments.

Block copolymers are receiving widespread attention be-
cause they offer great opportunity to the chemist to create
polymeric blends with desirable physical features. It is fun-
damental that if the A and B chains which are joined in the
block copolymer have a positive heat of mixing there is a
tendency toward phase separation. However, the bond be-
tween A and B chains puts limits on the degree to which spa-
tial separation can occur. The result is a microdomain mor-
phology, the key to many of the valuable mechanical proper-
ties of these systems. In this paper we will develop a practical
means of calculating the equilibrium size of these domains for
amorphous block copolymers and apply the technique to la-
mellar systems.

In earlier works!-5 we have presented a general theory?? of
inhomogeneous polymeric systems which will be reviewed in
section I. An application was made to the interface between
two immiscible homopolymers.3* Since the results are of
importance in the present theory, they will be summarized in
section II. The theory was also applied to the block copolymer
problem,” but its use requires a moderately difficult numerical
computation. In the present paper we develop a more ap-
proximate theory of block copolymers in which we assume that
the interphase between the domains is narrow compared with
the size of the domains. This enables us to fuse the closed-form
solutions of the equations for homopolymer interfaces to a
solution appropriate to pure microdomains in which the
blocks all originate at the interface. While the solution for the
blocks in the domains must be obtained numerically this is
done once and the result applied to all cases of a given geom-
etry.

The physical picture of a block copolymer system which
emerges from this work is the following. As in an ordinary
phase separation the tendency is for the domains to grow in
order to reduce the interfacial free energy per unit volume. If
d is a measure of domain size, e.g., the periodicity distance
which is the sum of the A and B lamellar widths (see Figure
1), then the interfacial free energy per unit volume falls off as
1/d, within the context of the approximations of this paper.
To understand the free energy terms which oppose domain
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growth, the consequences of the existence of the A-B joints
along the macromolecule must be pursued. These bonds are
most likely to be found in the interphase. In the present ap-
proximation the width of the interphase is independent of
domain size. Hence the localization of the joint’s degree of
freedom leads to a loss of entropy which grows as log d.
There is another severe consequence of the joint being lo-
calized in the narrow interfacial region. Focus on the A chains
in an A-rich domain. Each chain has one end, the one that is
linked to B, near the outer border of the domain. This pro-
duces a tendency for the density to be higher near the
boundaries than in the domain center. Any such inhomo-
geneous density pattern has too high a free energy to be
commonly observed. What occurs is that the system statisti-
cally suppresses the large number of conformations which lead
to inhomogeneity and favors the rarer conformations which
reach into, and fill, the lamellae’s centers. Associated with this
unequal weighting of conformations is a loss of conformational
entropy, which increases as the microdomains grow. Solution
of the equations presented in this paper indicates that this
entropy loss term is well fitted by a d2° power law.
Combination of these terms produces a free energy density,
eq 5.2, which has a minimum as a function of d. The minimum
is the predicted domain size. Comparison with a number of
experimental determinations of block copolymer lamellar
spacings is made in section VII and the results are good.
The theory is developed for both diblock, A-B, and triblock,
A-B-A, copolymers. We predict that the domain sizes for
these two types of molecules will differ by only a few percent
if the A blocks are the same size and the B block of A-B-A is
twice the size of the B block of A-B (the weight percents of A
and B are the same in the two materials).
In the Appendix details of the calculational procedure for
block copolymer problems will be presented.

1. General Theory of Inhomogeneous Polymer Blends

In many problems which arise in the study of inhomo-
geneous polymer blends we are called upon to study the sta-
tistics of polymer molecule conformations in an inhomo-
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Figure 1. (a) Schematic diagram of a lamellar microdomain structure
in a block copolymer system. The periodicity distance is d. The basic
cell in which eq II1.18 to II1.27 are to be solved goes from the center
of one domain to the interface and is measured on a scale ¥ which goes
from 0 to 1. (b) The density profiles through the interface.

geneous medium, perhaps a mixture of A and B with density
patterns pa(r) and pp(r). There are a number of parameters
which characterize this system:

1. The density of the polymer of type K when pure is pok,
the number of segments (which we will take as corresponding
to the monomers) per unit volume. We will frequently express
the density of K in the blend in reduced units:

pr(r) = px(r)/pox (L.1)

2. The degree of polymerization of a molecule or block of
Kis Z K-

3. The Kuhn statistical length of a segment of K is bk. The
quantities pok, Zk, and bk all depend on the arbitrary speci-
fication of what a segment is. The combinations of variables
ZKbKQ» PK, and

Br?> = poxbr?/6 (1.2)

which are independent of this choice of segment, are all that
appear in the final formulas.*

4. The degree of repulsion between A and B relative to AA
and BB interactions is measured by a parameter « such that
the heat of mixing (more generally, the contact free energy of
mixing) per unit volume of a uniform mixture of density pa
and PB is

kpTapapp/(pa + pB) (1.3)

where kg is Boltzmann’s constant and T is temperature.

5. For simplicity we will assume that there is zero volume
of mixing; i.e., for all uniform mixtures at the reference pres-
sure

patpe=1 (1.4)

If the pressure is changed, or if the system is nonuniform, eq
I.4 need not hold. In that case there will be an additional
contribution to the free energy density of

%(1/x)(pa + pg — 1)* + 0(pa + 5 — 1) (L5)

The compressibility, , will be assumed to be independent of
composition. The removal of that assumption produces no
change in results when « is small. Other assumptions, such as
the concentration independence of « or the zero volume
change of mixing, can be removed with only slight increase in
the complexity of calculations.*

Macromolecules

In the development of a quantitative theory of polymer
conformational statistics, attention focuses on a function
Qi (r,t;rp), which is proportional to the probability density
that a chain of type K with number of segments (degree of
polymerization) ¢ has one end at ry and the other at r.2* The
constants of proportionality which multiply formulas in-
volving Qk are determined by appropriate normalization
conditions. For the Gaussian random walk model in a uniform
system of type K, Q is the familiar Gaussian; or, equivalently
stated, Qk satisfies a diffusion equation. Employing mean
field theory one shows that in an inhomogeneous system @k
satisfies a modified diffusion equation (ref 2, eq 3.9 and
5.9)

v2
FRmaTT

LR { [ px(r) ]2
= ol i
POK pa(r) + pB(r)

- [palr) + pB(r) — 1]]QK (1.6)

+
kkpT

where K’ is B if K is A, and vice versa. The term in braces
represents (1/kgT) times the chemical potential change of
bringing a segment of K from pure K into the mixture of
densities pa(r) and pr(r). (In an earlier paper? a rational was
presented for using the first power of [px /(5 + pp)] ineq 1.6
instead of the square. It can be shown that all final results are
the same when there is zero volume of mixing and « — 0. Dif-
ference are absorbed into the function w, introduced below.
The essential point is that the relations between w, and a
function w,” which might have been introduced would be

app? + wy = app + w,/
aoaAZ tw, = apa + wK’

These two equations are compatible if 5 + pp = 1. We have
employed the quadratic density formula in recent works!+5
because it is more directly related to the Flory—Huggins for-
mula for chemical potential. Thus it is probably better for
nonzero «, though it has been shown that the formulas are
equivalent for x — 0.2 The quadratic density form is also su-
perior because for a homogeneous system w, is zero but w,’
would not be.) @ satisfies the initial condition

Qk(r,0;rg) = 6(r — rp) (L.7)

Boundary conditions will be discussed later.
For diblock copolymers, the densities involved in eq 1.6 are
related to the Qk’s by the formula?®

N Z 1%
palr) = (Q_V J; 5 dt’ J‘ dra dr; drg

X Qalra,Za — t5e)Qa(r,t’;r))Qp(ry,Z;ry) (1.8)
i el
Q = ‘—/_ f dra dry drg Qa(ra,Za;r))@u(ry,Ze;rg) (1.9)

with a similar equation for pg. IV is the number of diblock
copolymer molecules which have their joints in the region
W

II. Interface between Homopolymers

We shall review the theory of the interface between im-
miscible homopolymers A and B.>* Define a function
qx(r,t)

gi(rt) = fdro Qk(r,t;ro) (11.1)

which satisfies eq 1.6, too. For very high degrees of polymer-
ization, t, the unit at r is unaware of the condition of the ends
of the macromolecule. This manifests itself in gk (r,t) being
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independent of ¢t. Thus ¢k!(x), the interfacial solution,
satisfies the equation

» 9%qx!(x)

_ {a[ px(x) ]2
dx2 palx) + pp(x)

1
T [pa(x) + pa(x) = 1]] gxl(x) (IL2)

where all inhomogeneity is in the direction x normal to the
interface. In this case the density is given by

0 =8k

(IL.3)

The solution of eq I1.2 and I1.3 in the limit of vanishing com-
pressibility is given by a rather lengthy algebraic expression,
eq 4.3 of ref 4. The general formula need not be reproduced
here, but note that it simplifies greatly to?

prlx) = [gkl(x)]?

palx) = [1 + exp(2a1/2x/8)] ! (I1.4)
pBlx) = pa(—x) (I1.5)
for the symmetric case 8x = 3 = .
A measure of the width of the interface is
ar=(dx/dpa)ssie (I1.8)
2 2\ 1/2
ar=2 <M>l (IL7)
2a
The interfacial tension is found to be
. [Ba+Bs , 1(8a—Bp)?
v = kgTal”? [ + = (11.8)
B 2 6 Ba+tBa

In these explicit formulas the effects of nonlocality of the in-
teractions (a molecule at r interacts with molecules at ¥’ # r)
are not included, though the nonlocal case is treated in ref 4
and by a lattice model in ref 6.

II1. Approximate Block Copolymer Theory

In an earlier paper® numerical solutions were obtained to
the eq 1.6 to 1.9 for @ for a symmetric case where 8z = 8B,
ba2Za = bp?Zg, and lamellar microdomains. In this paper we
will approximate solutions for the case of an interface much
narrower than the domains. First the approximation is for-
mulated in a mathematical way, and then the same result is
achieved by more physical arguments. The above symmetry
will not be assumed.

We treat initially the case of a diblock copolymer in a la-
mellar microdomain morphology, as illustrated in Figure 1.
(Work is now in progress on the cylindrical and spherical
systems.) The periodicity distance, d; is related to the domain
widths dk by

d=das+dp (IIL.1)
The dividing plane between A and B may be taken, just for
reference, as the Gibbs dividing surface, which is the same for
A and B when there is zero volume change of mixing. The
thicknesses da and dg must be related by

dapoa _ dBpoB _ d

Za Zs  (Zalpoa) + (Zs/poB)

It suffices to solve the equations in a region of width %d which
goes from the center of an A domain to the center of a B do-
main.

To exploit the fact that the central plane of every domain
is a plane of symmetry, consider, as an alternative to section
I1, functions Qx(x,t;xo) with x measured from the center of

(I11.2)
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a K domain. Let these Qk satisfy the boundary condition

0Qultivo) “o )
ox x=(1/2)nd

=~ t0 +»

i.e., the derivative of Qk vanishes at the center of every do-
main. Then Qxk(x,t;xq) is proportional to the probability of
a K chain of degree of polymerization ¢t having one end on
plane x when the other end is at x or at the mirror images of
xp in every domain center plane (viz., the points nd + x¢).
Note that one of the points nd + x; lies in each of the funda-
mental cells, so that an integration of @k with respect to x¢
over the region 0 to %d is equivalent to integrating the @x of
section II over the whole volume. Thus in eq 1.8 and 1.9 we may
take

V=1%d
N = W%d[(Za/poa) + (Zs/poB)] !

(I11.4)
(IT1.5)

V and N being on a per-unit-cross-sectional-area basis. With
this definition @k has the symmetry of the system:

@x(nd + x,t;x0) = Qk(x,t;x0) (I11.6)

and we need only solve for Qk in the domain x = 0 to 'hd.
Qx satisfies eq 1.6. In the limit of small compressibility the

condition of zero volume of mixing holds to within order «,

ie.,
palx) + pplx) =1+ 0() (I1L.7)

and the last term of eq 1.6 becomes an indeterminant form

lim [Balx) + pr(x) = 1] =w,(x) (I11.8)

1
0 kRT

The equations for Qk become

T a ) S lalpr(0)]? + w (x))@x (111.9)
POK

ot 6 o0x2
ON [Zx (1/2)d
ok(x) = @ Jo de¢’ ﬁ dxk dx dxkQxk
X(xg,Zx — t';2)Qk{x,t" 2 )@k (x 1, Zgixk)  (1IL10)
2 /2y
Q dxa dxydxp Q@alxa,Zax))Qp(x 1,282 5)

“dJo
(IIL.11)

The function w,(x) is then to be adjusted so that the equa-
tion

palx) + ppx) =1 (ITL.12)

is satisfied for all x.

We seek an approximate solution of the equations which
will be appropriate in the case that the interface is much
narrower than the domain size. In this case we may consider
that there is a narrow interfacial region, with width of 0[(842
+ B8g2)/a]!/? according to eq I1.7, dividing two domains that
are essentially pure A or B at densities pga or pog. In this limit
we shall find that it is consistent to assume that the density
profiles through the interface are identical with those found
between semiinfinite homopolymer phases. From eq II1.10 we
see that we will be concerned with Qx(x,t;x0) for t = 0(Zk),
for x and xin the K domain or the interface. For these cases
write @4 in the form

2
Qalx,t;xg) = a. QW.t;yo)gallx — xc)gallxo — x)
A

(IT1.13)
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where g5!(x) is the homopolymer interfacial solution; reduced
distance units are defined by

y =2x/da (IT1.14)

and x¢ is the Gibbs dividing surface. In particular, for xg in
the interphase write

Qalxtx0) = f—A QU,t:1)galx = xa)gal(xo — xc) (IIL15)

because on the scale of y the entire interphase lies very close
to y = 1. When x is far from the interface in the A domain
gal(x = xg) will be close to unity. When both x and xq are far
from the interface
2
Qalx,t;xo) = 7. Qy.t;y0) (II1.16)
A
If we substitute eq II1.13 in eq II1.9 for Q4 we find that
Q(y,t;y0) satisfies

0Q _4ba°32Q | ba? dlog gallx ~xa) 3Q

ot 6daZ2dy?  3da ox dy
- = {pe)]? - [pe1(x)]%Q
POA

-L [wo(x) —wlx))Q (IIL17)

POA

where ppl{x) and w,!(x) are the values of these functions for
a homopolymer interphase. A solution can be found which
produces nearly the same density distribution through the
interphase of block copolymer domains as between homo-
polymers A and B. In this case the third term on the right will
be small. The second term vanishes by employing the
boundary condition dQ/dy = 0 at y = 1, while for values of y
significantly smaller than unity dg!/dx vanishes.

In summary, the equations which determine the properties
of the system in the A domain and into the interphase are

R,? 9Q _ -£Q (I11.18)
ot
32
L=~ —t u(y) (II1.19)
dy
Ra =612d4/2b, (111.20)
palx) = p(y)pallx — x¢) (I11.21)

1 z 1
= [t [ ayaQUaZa - QD
(QAZA 0 0

(111.22)
Qa = fdya Q(yaZasl) (I11.23)

with boundary conditions
39 = 99 =0 (111.24)

dyly=0 9dyly=1
and initial condition

QW.t =0;y0) = 8(y — yo) (I11.25)

(which is correct on the scale of domain size and ¢t —- 0 on a
scale of Z4). The function u(y) is to be selected so as to
maintain uniform density in the domain:

ply) =1 0<y=<1 (I11.26)

Actually this defines u(y) only to within an additive constant,
and all physical features are independent of that constant. It
is convenient to fix the constant with the auxiliary condi-

tion
1
J; dyu(y) =0 (I1.27)

Macromolecules

The description of A domains by eq III.18 to II1.27 is equally
applicable to B domains.

In deriving these equations use has been made of the fact
that the @ of eq 1.9 factors into

Q = QaQpay/thd
d
ay= J;AB dx gal(x)gg!(x)

By extending the limits of integration to £« (as is appropriate
for a narrow interface), changing the variable of integration
to pal(x), and using eq 4.3 of ref 4, one finds

on} (), (B

where Py is a Legendre function. This explicit form of a; will
not be needed, though, in the determination of microdomain
size.

There is an alternative, and somewhat more physical,
argument which leads to the same set of equations describing
the conformational statistics in the block copolymer domains.
For a narrow interphase we hypothesize that the structure in
the interphase is the same as that in a homopolymer inter-
phase. In particular, in this region, g4 (x,t), as defined by eq
I1.1, is just

(I11.28)

(I11.29)

(IT1.30)

(IT1.31)

As we go into the A domain to a plane x’, a distance large on
the scale of interphase width (x’ — x — =) but small on the
scale of A domain size (y’ = 1 still), the interfacial transition
from pure B to pure A can be regarded as essentially complete.
From this point in toward the center pp(x) and w,!(x) are
nearly zero so eq I11.18 for @(y,t;v¢) is obtained. It remains
only to specify how to join the domain solution to the inter-
phase solution at the plane x’. Since the transition to A is es-
sentially complete at x’, we will say that, for every molecule
which crosses x’ from the domain, statistically an equivalent
one crosses the plane from the interphase. Thus the plane x’
acts as a reflecting surface as far as the statistical function @
is concerned; as an equation,

galx,t) = gal(x — x¢)

0.3 209

pvl d_A3>7 - (I11.32)
as before.
IV. Free Energy
In ref 2 the formula for the free energy,
F 1
= dr { Af* ,
N7 = Nac S {7 [oae)n(r)]
AAF* AAF*
= pa(r) — pB(r)
P doatr) ~ PP Bpn(r)
“log @ — a(Za/poa) (Zs/poB) (IV.1)

(Za/poa) + (ZB/poB)

was derived, where Af* is the free energy density of mixing.
The final term sets the zero of free energy as a homogeneous
phase of the block copolymer. With Af* given by the Flory—
Huggins form, eq 1.3, plus the term eq 1.5 to account for vol-
ume change, we find

—F—=—%fdrw~(r)—log0

NkgT
_ a(Za/poa)(ZB/poB)
(Z alpoa) + (Zp/poB)

It is convenient to take out of thisequation a term which
represents the surface free energy,

(Iv.2)

Y - % fdrwXr) (Iv.3)

NkgT



Vol. 9, No. 6, November-December 1976

—log 2«
S

-3
10] T T LA RS T

—log _QK(3)

] T T 1 i T T ) L
10" 10
Re/ZY?

Figure 2. (a) Plot of —log @k vs. Rx/Z k"2 on a log-log scale. The solid
line represents —log @k = 0.085(Rx/Zk!/2)25, (b) Plot of —log Q"
vs. Rx/Zk!/2. The data are fitted by —log Q¥ = 0.365(Rk/
ZK1/2)2'5-

given by eq I1.8. Next set the level of the remainder, w, — wl,
so the integral is zero, eq I11.27. Use the factored form, eq
I11.28, for @, and introduce eq IIL.5 for N. The result is

F__ 2 (é + _Z_A_) 1

NkgT kT \poa pos/ d
' d
+ log (—) — log Qa — log @B
\2a

_ a(Z a/poa)(ZB/pop) (Iv.4)

(Za/poa) + (Z/poB)

V. Calculations

The eq I11.18 to I11.27, describing block copolymer statis-
tical properties in the domain morphology, must be solved by
numerical techniques. These will be discussed in some detail
in the Appendix, but basically use is made of a spectral rep-
resentation of the function @ in terms of the eigenfunctions
and eigenvalues of the operator £. A multidimensional
Newton’s method is employed to solve for the u(x) which is
implicity given by eq II11.26.

For determination of the free energy we calculate ~log Qk
by eq I11.23. It is a function only of the variable Rg/Zg!/2 =
61/2d/2bkZ k2. Figure 2 shows a plot of —log @k on a log-log
scale. For Rx/Zk!/? less than unity the free energy term is
approximately proportional to the square of this variable. We
shall be more interested in values of this variable greater than
unity, where a 2.5 power relation seems quite appropriate.
(Actually, a least-squares fit to the log-log plot gives a 2.48
power law, but we cannot regard the difference from 2.50 as
significant.) Shown is the fit of the data to

—log QK = 0.085(RK/ZK1/2)2'5 (Vl)

which is the formula to be adopted for calculational purposes.
Bear in mind that in Figure 2 the log-log scale unduly ex-
aggerates Rx/Zx/? < 1.
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Figure 3. Free energy per molecule as a function of periodicity dis-
tance d for xZ = 37. The components of the free energy labeled sur-
face, joint, and domain are respectively the first three terms on the
right-hand side of eq V.2. The dotted curve is the more exact result
calculated in ref 5 by the full theory of eq 111.9 to IIL12.

The free energy formula for a diblock copolymer in a do-
main geometry with repeat distance d is thus given by

F 2y /Za  Z\ 1 d
=Y (2A 1 2B) 14, —)
NkgT kgT <poA pog) d °8 (QGJ

(ZAY2/bapoa)®® + (Z1%/bypor)?5
((Za/poa) + (Zw/po)]2®

_ _a(Za/poa)(Zp/poB) (V.2)
(Za/poa) + (ZB/poB) '

with v given by eq I1.8 (or v could be taken from experiment
if available). This is the free energy expression qualitatively
described in the introductory section. Figure 3 is a plot of the
free energy per molecule vs. d for a diblock copolymer system
with lamellar domains. We have taken a symmetric case: ba
=bg=b, poa = poB = po, and Z, = Zg = 2. It is convenient to
define a mixing parameter x = a/po. In Figure 3 we set xZ =
37. The illustration shows that, as the domain size increases,
the surface free energy per molecule falls off as 1/d, the free
energy coming from localization of the joint rises as log d, and
the free energy associated with loss of conformational entropy
rises as d2-5, The total free energy has a minimum at d/bZ1/2
= 3.1, which is the predicted domain periodicity. In general
the value of d is given by the condition for a minimum of
F/N:

2’)/ ZA ZB
0=——L (L4, 2B} 4
kT <POA pos>
(ZAY?/bapoa)2® + (Zg'7%/bgpor)>®
((ZA/pon) + (Zw/poB)}%?

In ref 5 eq I11.9 to II1.12 were solved numerically without
assuming that it was proper to divide the system into pure
domains separated by a narrow interphase. The free energy
calculated by this more exact theory is shown by the dotted
curve in Figure 3. The agreement is excellent both as to the
location of the minimum (both at d/bZ'/2 = 3.1) and the
magnitude of the free energy (F/NkgT = —11.8 for the narrow
interphase model vs. —11.9 for the full theory). The density
profile predicted by the approximate eq iii.18 to II1.27 is

+ 0.141 d2?

+ 0.353

d3® (V.3)
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Figure 4. The density profile as a function of distance, for xZ = 37
and 10. The dashed curves are the density profiles according to the
narrow interphase assumptions, eq I11.21. The solid line is calculated
without approximation in ref 5. For xZ = 37 the approximation ap-
pears to be good. For xZ = 10 significant interpenetration is occurring,
but the approximation still seems qualitatively reasonable.

contrasted with the exact results in Figure 4. For xZ = 37 the
agreement is good. For xZ = 10 the interphase is clearly not
narrow compared with the domain width. Still eq II1.21 seems
to give a reasonable density profile. So, too, the free energy
function for xZ = 10 is not bad even for this extreme case. The
approximate eq V.2 has a minimum of F/NkgT = —0.63 at
d/bZ1/2 = 2.4, whereas the exact results are —1.02 and 2.3,
respectively.

It is not surprising that the exact results show deeper pen-
etration of B into the A phase and vice versa. There is more
freedom in placement of the joint, and it is easier to fill the
domain centers, when the interphase is broader.

In achieving the numerical solutions we have assumed for
u(y) a piecewise constant function. The results for u(y) at
Rk/Zk!'/? = 1.9 are shown in Figure 5. Near y = 0, the center
of a domain, the function u shows a dip which has the effect
of bringing the chains into this region. Conversely, the rise in
the u function near y = 1 opposes the tendency for material
to accumulate near the interface, as is exhibited when u = 0.
We cannot say that the exact form of u near the wall is as
shown since this tends to vary from calculation to calculation
without significantly changing Qxk. Also the ripples are not
significant. In Figure 5 we plot, too, the value of (Ra?/
poa)[w(1/2day) — wl(x — x¢)] from the full theory. Ac-
cording to eq II1.17 it is this combination which is approxi-
mated by u(y). Most noteworthy is the narrow, sharp peak of
u(y) near the interface. This feature is definitely necessary
to keep p(y) uniform, but it is difficult to interpret physically
its magnitude.

VI. Triblock Copolymers

Triblock copolymers, A-B-A, can be treated by only a
minor extension of the previous formulas. The density of
component B can be written

IN Zx (1/2)d
prlx) = 20d j; dt j; dxa; dxg; dxgadras

X Qalxa1,Zaxi)@p(x51,ZB — tix)

X Qulx,tixs2)Qalxy2Zaxa2)  (VI1)
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Figure 5. The function u(y), which forces 3(y) to equal unity in an
incompressible material, is shown solid. It is an approximation to
(Ra¥poa)[wd%day) — w(x — xg)] in the limit of xZ ~> «. The latter
function for xZ = 37, using results of ref 5, is shown by the circles.

5 _ 2 (/d
Q¥ = P J; dx a1 dxp dxgo dxas

X Qalxa,Zaxs)Qs( 1,28 52)Qa(xy2,Z45x42)  (VL2)

With the interfacial part of the @ function factored out as in
eq II1.13 this simplifies to

5 = —— (7 dr Q1,25 — £)QGut:D)
Py _(QB(S)ZB.[; LB »yQ}xv

(VL3)

Q'™ = Q(1,Zx1) (VL.4)

for the density of the center block in its domain. Solution of
eq II1.18 for @, with u(y) now adjusted so that the new 5(y)
is unity throughout, produces a result for —log Qg'*’ which is
again fitted by a 2.5 power law:

—log Qp® = 0.365(Rp/Zp!/2)>?
= 2(0.077)[Rp/(1/2Z)V/2)25

The coefficient 0.077 being close to the coefficient 0.085 of eq
V.1 indicates that the free energy of a triblock copolymer,
hence the domain size, does not differ greatly from that of a
diblock copolymer obtained by cutting the middle block at the
center.

Without going through all the details, we present the
working formula for the free energy per molecule of a system
of A-B-A triblock copolymers with degrees of polymerization
Za, Zg, and Z 5 in the respective blocks:

(3) 1
F 2[27 <Q+/ZZB>1+1 d

(VL5)

— 0 —
NesT kT \poa  pon/d °2ay
+0.141 (ZAY2/bapoa)®>® + 0.90[(1/2213)l/r“;/ffyoms]z'5 g2
((Za/poa) + (%Zg/pop)]**
_a(Za/poa) ChZB/po) (VLE)

(Zalpoa) + (% ZB/poB)
This is to be minimized with respect to d (cf. eq V.3).

VII. Comparison with Experiment
In the following discussion the notation PS or 8 = poly-
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Table I
Comparison of Measured and Predicted Periodicity, d, of
Lamellar Block Copolymer Microdomains

Mol wt, dexpt], dcalcd; E,

Polymer kg/mol nm nm  nm? Ref
S-1 70-70 59 68 6.9 7,8
S-I 23-8 22 23 4.3 9,10
S-I 23-17.5 29 29 4.7 9,10
S-1 23-21 31 31 4.8 9,10
S-1 23-28 36 35 5.0 9,10
S-I 30-17.5 34 32 4.9 9,10
S-I 46.9-17 45 38 5.4 9,10
S-1 29-34 50 40 5.4 9
S-1 22.9-30.9 95 36 5.1 11
S-1 62-43 66-67 55 6.4 12
S-I.S  28.5-20-28.5 37 27 4.6 9
S-B 32-48 44.5 51 5.5 13
S-B 35.5-54.5 49 55 5.7 13,14
S-B 71-46 74 63 6.3 10
S-B 48.9-32.4 46 49 5.6 15
B-S-B  19.4-72-194 40 38 4.9 16
B-S-B  24-72-24 44 41 5.0 16
B-S-B  37.5-72-37.5 48 48 5.3 16
B-S-B  73-72-73 66 64 6.0 16
S-B-S  14.1-27.9-14.1 27-30 24 4.0 17
S-B-S 17-68-17 30 38 4.7 18

styrene, PI or I = polyisoprene, and PB or B = polybutadiene
is used.

We have calculated the periodicity distance, d, for a number
of block copolymers using eq V.3 or the minimization of eq
VI.6. These are compared with experiments in Table L. (Also
included is the cross-sectional area per A-B joint, Z, which
equals 1/N for diblock copolymers and 2/N for triblocks.) The
agreement is good considering that the present theory has no
adjustable parameters and that the values of the physical
variables are not known with high accuracy. A wide variety
of values are reported for bk in the Polymer Handbook.!?
Neutron scattering experiments should soon reduce the un-
certainty, and indeed it is this source that we use for PS.2° The
values used for bk and pok are listed in Table II. In view of the
other uncertainties no effort was made to correct for tem-
perature.

For o we have adopted the expression given by Rounds and
Meclntyre:?2!

a = —900 + (7.5 X 105/T)(mol/m?) (VILD)

They assume a common value for PS/PI and PS/PB. This «
is based on the miscibility of oligomers. The 95% confidence
limits are reported as £90% on the first term and £35% on the
second.

A further uncertainty is what temperature to use. Because
most of the experimental determinations of microdomain sizes
are performed at temperatures below the glass transition
temperature of PS, the literature values of the periodicity
distance are not equilibrium values. A number of researchers
have prepared or annealed their samples at temperatures of
100 °C or greater. We suppose that the size and structure of
the domains are fixed as the system passes through the glass
transition temperature on cooling, except for thermal con-
traction. The domain structure is known to become more or-
dered when solvent cast samples are annealed, but the or-
dering is slow below the 90-100 °C range.!® Kawai et al.1l re-
port a change of d from 59 to 66 nm upon annealing their S-I
samples. Terrisse and Skoulios”# have done systematic studies
on the effect of temperature on the structure parameter, d,
of a previously annealed S-I material. Their values of d varied
from 56 nm at 0 °C to a maximum of 59 nm at 105 °C (prob-
ably not an equilibrium phenomenon) and then fell. Other
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Table 11
Densities and Monomer Lengths
Density, pox, Length, by,
Polymer mol/m3 X 103 nm
PS 10.1 0.68
PI 13.6 0.63
PB 16.5 0.63

investigators®19.15.16 have gathered data in a variety of solvents
and extrapolated to zero solvent concentration. The results
are reported not to differ significantly from those obtained
on annealed samples. In view of this picture we have selected
a value of o = 1.14 X 103 (mol/m3), which corresponds to 90
°C, and used it for all the calculations.

A number of other block copolymers, such as polystyrene—
poly-2-vinylpyridine,'© have been studied but not included
in Table I because we have no estimate for «. Note that « en-
ters only in the determination of the interfacial tension, so a
more direct approach to acquiring the data needed for pre-
diction of domain size would be direct measurement of in-
terfacial tension.2223 We are surprised that, to our knowledge,
the interfacial tension between polystyrene and the polydienes
has not even been measured, although all manners of blends
of these materials are so common!

When the molecular weight of the blocks is very high the
entropy loss associated with maintaining uniform density
outweighs that associated with joint localization, so that
asymptotically

d o MO-643

where 9/14 = 0.643. Hoffman et al.¢ have attempted to fit
their data with a power relationship. For spheres and cylinders
they find a 0.58 power law, using less than a decade of M
values. They do not report an uncertainty of this exponent,
but 0.643 does not yield an unreasonable fit either.

VIIL Appendix. Computational Methods

Central to the theory presented above is the solution of a modified
diffusion equation for a function @ which describes the conforma-
tional statistics of the macromolecules. An unusual feature of that
equation is that it contains an unknown field, u(y), something like
a Lagrange multiplier, which must be adjusted to maintain overall
uniform density. The numerical procedures employed for solution
of the problem are out of the ordinary, and it is for this reason that
we are providing some detail of the computational methods.

Basically, to solve eq I11.18 to II1.27 a function u(y) is selected as
a first approximation. &, p, and Q4 are then written in terms of the
spectrum of .L. If 5(y) is not everywhere equal to unity, then u(y) is
readjusted by a Newton’s iteration technique. The functional deriv-
ative du(y)/8p(y’) required is also derived from a spectral represen-
tation. To prevent uncontrolled oscillations from developing in u(y)
upon iteration the Tikhonov?* regularization procedure is em-
ployed.

As a practical matter it is necessary to use a function u(y) which
is piecewise constant over regions. The special features of the calcu-
lation resulting from this discretization are discussed in section B.

In ref 5 equations of greater generality are presented for the de-
scription of lamellar domains; i.e., the narrow interphase approxi-
mation is not made. The equations are somewhat more involved, but
the numerical iteration seems better behaved. We have solved only
the simplified case where the A and B blocks are symmetric in the
sense that they have the same density when pure, same monomer
length, and same block size. The procedure is an extension of that
employed for a single domain except that some extra self-consistency
must be achieved.

A. General Solution in a Single Domain. When the narrow in-
terphase approximation is made for diblock copolymers one need only
treat equations which describe a polymer block with one end at the
outer border of a single, pure domain. Solution to the set of eq I11.18
to I11.27 will be achieved in terms of the spectrum of .£ (eq II1.19). A
guess is made about u(y) [on the basis of previous results for closely
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related parameters, by intuition, or even u(y) = 0]. The eigenvalues
and eigenfunctions of .L we call ¢; and ¢p(y). The Q is given by

Q.tv0) = T op(¥)ep(yo) exp(—ept/Ra?) (A1)
P
When this is inserted into eq I11.23 for @4 one finds
Q=Y cplep exp(—epZa/R4?) (A.2)
p
Cpf = ¢p(1) (A.3)
1
o= f enly)dy (A4)
The formula for the density is
50) = T 5 e () )
ZaQa o P Ca¥P q
% exp(—eqZa/R A%) — exp(—eZo/R %) (A5)
€p T €q
where
1ime_~s__e_r =e-¢ (A.6)

r—s TI'—=8§

For the correct choice of u(y) the density 5(y) will equal unity for
all y, and the solution is complete. In general the correct u will not
have been used, so a better one must be selected. A multivariable
Newton’s iteration scheme will be employed, i.e., linear extrapolation.
Explicitly, we can write

Au(y) = tnew(y) ~ tolaly)
=~ [ 660 - 1dy (AT

where 1 — 5(y’) is the change in 5 which we are attempting to induce
“with the change Au(y) in u. The functional derivative éu(y)/6p(y’)
gives the rate of change of the function u with change in the function

iR
Actually it is easier to calculate the inverse functional derivative

K(yy'y=—ép(y)/ouly’) (A.8)

and we will discuss the “inversion” of K in the next section. According
to eq I11.22 for §, K can be expressed totally in terms of the functional
derivative 6@ (y,t;y0)/0u(y’). An equation for the latter is obtained
by functionally differentiating eq II1.18:

[ Wt
(R - |82 56— yqueve  (49)
de¢ du(y’)
which has as a solution
8Q(tya) _

! f’dt' (nt = t'5)QG ¢ y0) (A10)
) 7.2 Jo 4 QW — IR vo) (A

It is straightforward to show that in spectral representation

2
K(}’,}") = ZR > (Cpfcq + cq7Cp)(ﬁp(y)¢q(y)¢q(y’)‘ﬁs(y/)
AWA pgs
[ exp(—epZa/R %) + exp(—e,Za/R A% exp(—esZA/RAQ):I
(fp - fq)(ep — &) (fq - fs)(fq - ep) (e — ep)(fs - eq)

—j—;::(y)w) (A11)

L’Hopital’s rule must be used when two or three of the indices p, g,
s are equal.

A problem develops in efforts to make straightforward use of the
multidimensinal Newton’s iteration, eq A.7. The density is fairly in-
sensitive to rapid oscillations in the function u. Thus there is a ten-
dency for such oscillations to develop in Au(y) in an uncontrolled
manner in response to small oscillations in 5(y). This is like the so-
called ill-posed problems (a prime example being inversion of Laplace
transforms). To prevent these oscillations we will use a method due
to Tikhonov.2* Formulate eq 1.9 as a variational problem of the
form

fl[l__ (N)+flK( ’7 /)A(/)d /]2d P H
. ply , KO"y)au(y)dy’ | dy” = min.

The statement that as we iterate we do not expect wide oscillations
in Au(y) can be put

1 12
f aly’”) [aAu(/)/' )] dy” = small
0 dy

(A.12)

(A.13)
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where a(y) is some function we will later specify in a reasonable way.
Minimizing the sum of eq A.12 and A.13 yields

flK( //)[1_ (//)+f1K( 1 /)A(/)d/]d//
0 Y.y ply o yoyauly') dy Yy

-2 [a(y) 2 Au(y)] =0 (A19)
dy dy
This equation is not equivalent to eq A.7 unless a(y) = 0. The strategy
is to use a finite a when fairly far from a solution, i.e., an « just large
enough to suppress oscillations. As the solution is approached a can
be reduced.

We have done some calculating with a(y) = «, a constant. However,
we expect that dAu/dy will be larger in regions where |du/dy| is large.
Therefore we have also used

aly) = a/imaximum[|du/dy|, 10]}2 (A.15)

with better results.

To handle the middle block of a triblock copolymer, ¢, replaces
¢p in all formulas of this section.

B. Practical Numerical Procedures. As a practical matter we
will seek a solution for u(y) which is piecewise constant over short
intervals. Divide the y range, which runs from 0 to 1, at the points yo
=0,y Y2 ..., ¥n-1, ¥n = 1. The pieces have sizes

he =yr = yr-1 (A.16)

Let the value of u(y) between yx—; and yx be ux. Since u is piecewise
constant the eigenfunctions of .L are linear combinations of trigono-
metric or hyperbolic functions. For yr—1 <y < yg:

ep(y) = Aprlrpr(y — ye-1)] + Bpr8lapr (v — yx-1)]  (A.17)
where the functions ¢ and § are
¢=cos and §=sin if ¢ 2 ux
¢=cosh and §=sinh if ¢ <u (A.18)
and
Kpk = | ep — ug |12 (A.19)

A relationship among the A’s and B’s of successive regions follows
from the required continuity of ¢, and its derivative:

k-1
U = [ 1 sm] U, (A.20)

m=1

Ap
= A21
U <Bk) (A.21)
Slkphe) 8(kphe)
s =< ) (A.22)
* 7 Nk 1) B8 (ki) (xk/w)c(xkhk))
where the subscript p has been left implicit, and

O, = sgn (ep — ug) (A.23)

The boundary conditions of zero derivatives at y = 0 and 1 require
Bl = B,,+1 =0 (A24)

or equivalently the vanishing of the 2,1 element of the matrix product
Sn, Sn—l PPN S2 Sll

(S$,8:-1...8:81)1=0 (A.25)

The latter equation may be used to determine ¢,. Finally A, can be
set by normalization.

The function u(y) has been specified by n numbers, of which only
n — 1 are independent due to the vanishing of the integral, eq I11.27,
which may be written in the form

n
Z ukhk =0
k=1
This means that we cannot force p(y) to equal unity at all y. Rather,
let us define

1 Yk
= [ Bidy, k=1
he Jyi-1

of which only n — 1 are independent since, by the definition of eq
I11.22:

(A.26)
(A.27)

ki Pehn = 1 (A.28)
=1

We will choose the ug 80 that all the p, = 1.
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To improve upon a set of values 1 which is not a solution we need
a discrete version of eq A.14. Define the matrix

1 R4 ym
f K(y,y)dydy’
Ym=-1

Ky = ——
m h[hm M-1
(in practice we actually evaluate this integral and eq A.27 by a trap-
eriod integration rule rather than explicitly integrating éq A.11 and
A.5). By its definition the matrix K is singular since, as is easily proved
from eq A.28 and A.8,

(A.29)

Kh=0 (A.30)
The discretized form of eq A.14 which tells us how to improve u, is
(KHK - TYHAu = —KH4p (A.31)

where the vector Ap is defined by
(AD)r =1~ D& (A.32)

Au is the vector of changes uk new — Ur.oid, H is a diagonal matrix
with

Hyi = hidp (A.33)
and the matrix I' has nonvanishing elements
Qi
Iy = —— 20
T T Tk (R + hi- ki
T =
T by (e + hhies
Ty =—=(/h)(Ty—1hi-1 + Trierhi)l = 20— 1
I'1y = =Tisho/hy
[wn = —Fn,n—lhn—l/hn (A-34)

The matrix KHK — T' is singular, having as an eigenvector h with ei-
genvalue zero. The right side of the equation is orthogonal to h, so the
equation can still be solved. Put another way, the n simultaneous
linear equations represented by eq A.31 are not linearly independent.
Therefore, a way to solve the set is to replace one of the equations, let
us say the nth, with eq A.26, h-Au = 0.

We have found that a practical choice for the division of y is 17
regions of sizes: 8 regions with A = 0.09 filling y = 0t0 0.72, 4 with
= 0.045, and 5 with h = 0.02. A few calculations were done with a finer
grid, but differences were not significant. We use the 20 lowest ei-
genvalues of .£ and their eigenfunctions in the spectral expansions,
though for Ro/Z1/2 ~ 1 twelve terms is quite sufficient. A calculaion
generally takes 10 to 30 s on a Honeywell 6700. This involves 5 to 10
iterations for the proper u(v) to be found.

C. Solution to More General Equations. In ref 5 (referred to as
IIT) diblock copolymer systems are analyzed without making the
narrow interphase assumptions. We will only consider explicitly the
case where poa = poB = ro, ba = b =b,Z5=Zg = Z, and a = xp.
The basic equation for @(y,t;y0) is

3 a2 . .
refle - |- Lk rp - utfQ
where y = 2x/d goes from zero to unity as x goes from the center of
an A domain to the center of a B domain, and

(A.35)

R =1612d/2b (A.36)
The densities of A and B are related to § by
pallhdy) = ppted — %dy) (A.37)
s L (7 1

=5y = 570 j; dt J; dyadysdys

QyaZ - ty)QW,ty) Q@ — y5,Z;yR) (A.38)
1

Q= f dyadvidys QUaZinQUsZive)  (A39)

In eq A.35 the term xR2[5(1 — y)]? arises from the repulsion between
species. It forces the separation into domains and helps shape the
interphase. The function u(y) is to be adjusted so that a(x) + pp(x)
=1, or
ply) . p1-y)=1 (A.40)
The cycle of iteration that we use is as follows. An initial guess is
made about 5(y) and u(y). One can then write spectral representa-
tions of @, p, and @ which are identical witheq A.1, A.2, and A.5 except
that now R replaces R 4, and

¢’ =3 ¢y exp(—¢gZ/R2) fl dy o1 — y)ep(y) (A.4D)
q 0
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The 7 which comes out of the calculation by eq A.38, call it pou(y), is
not the same as the initial guess, pin(y). The first step is to find the
density 5, (y) which is self-consistent for a given u. To do so, de-
fine

w(y)=xR2p(1 — )2 + uly) (A.42)
We need the functional derivative
55
Miyy) = - 22O (A.43)
sw(y’)

This is just a bit more complicated than the calculation of K in section
B but it is a straightforward use of eq A.38 and A.10 (u — w and Ra
- R). We will not present the explicit spectral formula. A linear ex-
trapolation gives

Pu(y) = Pouly) — fdy/ M(yry/)[wnew(y’) - wold(y()] (A.44)

The wq(y) is eq A.42 with p = p,14. The wnew(y) should be the self-
consistent one; i.e., it should have 5 = p,. Linearizing in p, — 5014, We
find

Puly) = Bowly)
—2xR2 fdy’ M(y,1 = y)bin(¥)Bu(y") — Binly")]

which is a linear equation for 5,,. This p,, is used as the next p;, until
self-consistency of in and out is achieved.

The next question is how to modify u(y) so as to produce a p which
satisfies eq A.40. First let us consider what the functional deriva-
tive

(A.45)

K(y,y") = —dp(y)/duly’) (A.46)
is. By a chain rule we find the linear equation
K(yy') = = f[oly)/owly)][w(y)/duly)] dy” (A.47)
= Jdy" My sy = )
- 2xR%(1 —y")K(1 —y"y')] (A48)

This K can be used to update u much as in section A.
Note that eq A.40 is an independent condition on 5 only over the
range 0 < y < %. Balancing this is the symmetry requirement that

u(l—y)=uly) (A.49)

Thus the equation to update u is
1/2
B+ 5=y —1= [T KS(y)au000 <y <% (450

K38(y,y') = K(y,y') + K{y,1 = y')

+K(1-yy)+K(1—-y1—-y) (A51)
In solving, the Tikhonov regularization procedure must be employed,
and account must be taken of the singular nature of K, just as in
sections A and B. We need not repeat the special considerations in-
volved in using a u(y) which is piecewise constant.

In practice we have divided the zero to unity range of y into 34
pieces with hy = 0.045 in the first and last 8 regions, hx = 0.0225 in
regions 9 to 12 and 23 to 26, and hx = 0.01 in regions 13 to 22. The
calculations take a bit longer because of the extra self-consistency
iterations, but less iterations on u are needed because there is no spike
in u, as on the right side of Figure 5.
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Monte Carlo Studies of Conformational
Characteristics of Block Copolymer Chains
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ABSTRACT: The behavior of two-block copolymer chains in solution is studied by computer simulation. The effect
of heterointeractions on the chain dimensions is examined and the mean numbers of hetero- and homocontacts are
determined. It is found that in the case of incompatibility of the chain components each block is in a “segregated
state” which is similar to that of the portion of homopolymer chain in good solvent. In regions where the heterocon-
tacts are favorable the mixing of blocks occurs, accompanied by a sharp decrease of the dimensions of the chain and
a small decrease of the dimensions of separate blocks. The behavior of a block copolymer chain under temperature
.changes is analyzed and a nonmonotonic change of the chain dimensions is found to occur. The results are compared
with experimental data on the temperature dependence of specific viscosity of block copolymers.

The properties of copolymers composed of different
chemical units depend both on the composition and the
chemical sequence distribution, i.e., on the primary macro-
molecule structure. Block copolymers composed of different
chemical blocks of some length are of special interest for their
structural characteristics and a whole complex of their prop-
erties as well.

This paper presents the results of Monte Carlo studies of
the block copolymer chain composed of two blocks of equal
length in solution. Such a system has been studied by exper-
imental'-® and theoretical methods”® in the Gaussian sub-
chain approximation.

The Model

The structure of a copolymer chain in dilute solution (in
particular a block copolymer chain) is essentially influenced
by the long-range interactions, i.e., by the interactions of
segments which are remote in the chain sequence but ran-
domly approach each other in the process of the fluctuating
coiling of the chain. In homopolymers these interactions are
eliminated (at least on the average) in the theta solvent. As
to copolymers, the theta conditions for each component are
different, and therefore the volume interactions will not be
compensated.

To study these interactions nonintersecting chains were
generated on the five choice simple cubic lattice (see for details
ref. 9). Chains of 10 to 128 bonds were composed of two blocks
of equal length and flexibility and were simulated by random
walks on the lattice. Thus it is the flexible chains which are
considered, the average length of a segment being approxi-
mately equal to its thickness.

To take into account the excluded volume effects, chain
self-intersection was not allowed and the interaction energy
was attributed to any pair of nonbonded segments separated
by one lattice spacing. As distinct from homopolymers where
there is only one energy parameter for all pairs in contact, the

two-component copolymers require consideration of three
different energy parameters: those for two kinds of homo-
contacts eaa and egp, and ¢ap for heterocontacts. In the two-
block copolymers exx (X = A or B) and eap characterize the
intrablock and interblock contacts, respectively. The pa-
rameters exy (X, Y = A, B), which for simplicity will be re-
ferred to as contact energies, measured in units of kT, are the
free-energy differences for segment-segment (Fxy) and seg-
ment-solvent (Fxg) interactions

_Fxy+Fss Fxs+Fys
kT kT

(Fgs is the solvent-solvent interaction free energy.) They
characterize the intramolecular contacts with respect to the
case where there are no contacts and segments are immersed
in solvent (see Figure 1), i.e., they are measures of the quality
of solvent. At exx > 0 the polymer-solvent contacts are more
preferred than the intrachain ones and this corresponds to a
good solvent. When exx decreases the solvent becomes poorer
for each block and at exx < eg < 0 the structure of a given
block becomes more compact than at the theta point. The
three parameters exy are similar to x4, x8, and xap in ther-
modynamic theories of Flory and others.
On the other hand the quantity

0y

Xy

1 Fap  Faa+ FBB
AeaB = €AB 5 (ear + eBB) = LT kT 2
characterizes the degree of polymer component compatibility.
At Aeap > 0 the heterocontacts are energetically less favorable
than homocontacts and this corresponds to increase of the
component incompatibility with increasing Aeap. At Aeap <
0 heterocontacts are more favorable than homocontacts; this
is usually connected with specific intercomponent interactions
(e.g., hydrogen bonding).
It is obvious that for the individual macromolecules in so-
lution the intramolecular contacts compete mainly with the



